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Abstract
String compactifications with T-duality twists are revisited and the gauge algebra of
the dimensionally reduced theories calculated. These reductions can be viewed as
string theory on T-fold backgrounds, and can be formulated in a ‘doubled space’ in
which each circle is supplemented by a T-dual circle to construct a geometry which is
a doubled torus bundle over a circle. We discuss a conjectured extension to include
T-duality on the base circle, and propose the introduction of a dual base coordinate,
to give a doubled space which is locally the group manifold of the gauge group. Special
cases include those in which the doubled group is a Drinfel’d double. This gives a
framework to discuss backgrounds that are not even locally geometric.
c.hull@imperial.ac.uk
ronald.reid.edwards@desy.de
1 Introduction
Two kinds of dimensional reduction of supergravities were proposed in the seminal paper of
Scherk and Schwarz [1], each involving a twist by a group. Each gives a lower dimensional
supergravity, which typically is gauged, i.e. has a non-Abelian Yang-Mills group. Recently
it was understood how to lift these dimensional reductions to the full supergravity, string
theory or M-theory [2, 3, 4, 5]. The key is to show that each can arise from a compactification,
so that the full massive spectrum is defined, including Kaluza-Klein modes, massive string
modes, wrapped branes etc. Understanding the compactification geometry is important in
understanding the structure of the theory, and it turns out that this is intimately related
to the structure of the gauge group. Some of the reductions, those with T-duality twists,
do not lift to any compactification of supergravity. However, they can lift to non-geometric
reductions of string theory on T-folds. Much remains to be understood about such non-
geometric backgrounds, and the aim here is to use the gauge algebra of the dimensionally
reduced theory to gain some insight into such reductions. In [6, 7], it was shown that string
theory on a T-fold that looks like a T d bundle locally has a natural formulation on a bundle
in which the torus fibres are doubled to become T 2d. Our considerations here lead to a
natural geometry in which all the dimensions are doubled, not just the fibres.
The first class of Scherk-Schwarz reductions look superficially like reductions on an n-
torus, but twisted with the action of an n-dimensional group G. For this reason, they have
become known, misleadingly, as twisted torus reductions. The reduction can be thought of as
choosing an internal space that is the group manifold for G, which is typically non-compact,
and then consistently truncating to fields independent of the ‘internal’ coordinates. In [3],
it was shown that in most cases the same theory can be obtained from compactification on
a compact manifold which looks like the group manifold locally. This requires the existence
of a discrete subgroup Γ ⊂ G such that X = G/Γ is compact (so that Γ is then a cocompact
subgroup of G), in which case the theory is simply compactified on X = G/Γ. The Scherk-
Schwarz ansatz involves the expansion of the higher dimensional fields in terms of a basis of
globally defined one-forms {σ}. In order for the one-forms σ to be globally defined on X ,
it is necessary that they are invariant under the action of Γ, so that the reduction ansatz is
invariant under Γ. However, one of the consequences of the reduction ansatz being invariant
under Γ is that the gauged supergravity contains little information about the global structure
of X .
If we include a constant flux for the H-field so that H ∼ Kmnpσ
m ∧ σn ∧ σp + . . . , the
supergravity, resulting from such a Scherk-Schwarz compactification on X , has gauge algebra
[Zm, Zn] = fmn
pZp +KmnpX
p [Xm, Zn] = fnp
mXp [Xm, Xn] = 0 (1.1)
where Zm generate isometries of X and X
m generate antisymmetric tensor transformations
for the B-field (see [3, 8] for details). Here fmn
p are the structure constants of the group G.
1
The other type of Scherk-Schwarz reduction starts with reduction on a torus T d, so that
the dimensionally reduced and truncated theory has a continuous duality symmetry K. This
is followed by a further reduction on a circle with a duality twist, so that on going round the
extra circle, the theory comes back to itself transformed by a duality transformation. In the
full string theory or M-theory, the duality symmetry is broken to a discrete subgroup K(Z)
[9] and for the reduction to lift to string or M-theory, the monodromy must be in K(Z) [10].
A subgroup GL(d;Z) of K(Z) acts geometrically as diffeomorphisms of the d-torus, and if
the monodromy M is in GL(d;Z), the reduction can be thought of as compactification on a
d + 1 dimensional space X which is a T d bundle over a circle with monodromy M [3, 10].
Moreover, as we shall review in section 2, such a space X is in fact a twisted torus in the
previous sense, i.e. it is locally a group manifold, and is of the form X = G/Γ [3]. In the
case of reduction of pure gravity, the group G is precisely the gauge group of the reduced
theory.
Here we will focus on the T-duality subgroup O(d, d;Z) ⊆ K(Z). There is a geometric
subgroup of O(d, d;Z) acting through torus diffeomorphisms and integral shifts of the B-field.
If the monodromy is not in this subgroup, it is not a compactification, but can be thought
of as string theory with a non-geometric internal space, known as a T-fold [6]. However, as
O(d, d;Z) ⊂ GL(2d;Z), it has a natural action as diffeomorphisms of a ‘doubled torus’ T 2d
and there is a T 2d bundle over a circle with such a monodromy. A formulation using a circle
coordinate and its dual arises naturally in the string field theory for toroidal backgrounds
[11]. String theory reduced in this way with a duality twist can be formulated as a sigma-
model on a bundle over a circle whose fibres are the doubled torus T 2d [6]. The doubled
formalism has the virtue that it provides a geometric interpretation to many nongeometric
backgrounds. The doubled torus has coordinates conjugate to both the d momenta and the
d winding numbers. Different dual backgrounds arise from choosing different polarisations or
choices of T d ⊂ T 2d, specifying the ‘real’ spacetime slice of the doubled space. T-duality acts
to change the choice of polarisation, and T-folds arise when there is no global polarisation.
Such reductions with duality twists give theories with a gauge group of dimension 2(d+1),
the same as it would be for reduction on an untwisted S1 × T d. In that case, the group is
U(1)2(d+1) with U(1)d+1 from the natural geometric action on S1 × T d and another U(1)d+1
from B-field gauge transformations. One might expect that reductions with a duality twist
would give a gauge group containing U(1)2d associated with the T d fibres. As it happens,
this is not the case, and we give a careful derivation of the gauge algebra here. One of the
aims of this paper is to explore the implications of the structure of the gauge algebra.
In the doubled formalism, the T d fibre is doubled, and this raises the question of whether
the base S1 might also be doubled. This would be relevant for the issue of whether one
can T-dualise over the base circle. As the geometry has non-trivial dependence on the S1
coordinate x, there is no isometry on the circle so the usual formulations of T-duality do
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not apply. However, in [12] a generalisation of T-duality to such situations was proposed, in
which dependence on the circle coordinate x is transformed under T-duality to dependence
on the coordinate of a dual circle, x˜. In this context it is natural to consider more general
reductions involving independent duality twists over x and x˜. Such backgrounds would not
admit a geometric description even locally.
Conventional considerations are insufficient to discuss the situation with non-trivial de-
pendence on x˜. Here, we identify a 2(d + 1) dimensional doubled geometry that extends
the doubled torus bundle to include one other dimension, with coordinate x˜, and which
is the group manifold of the gauge group, identified under a discrete subgroup to give a
doubled twisted torus. This is the natural space to include all possible dual backgrounds,
including the ones involving the conjectured generalised T-duality on the base S1. The full
gauge group contains generators acting geometrically on the original space and ones acting
as B-field gauge transformations, while in this doubled picture, all arise geometrically.
The canonical example of the types of string background discussed above is given by a
sequence of T-dualities starting from the three-dimensional nilmanifold. This nilmanifold is
a T 2 bundle over S1 with monodromy given by a parabolic element of SL(2;Z). T-duality
interchanges various quantities referred to as generalised fluxes in [13] and called f -flux,
Q-flux and R-flux in [13]. As will be reviewed in the next section, the nilmanifold may be
thought of as a twisted torus characterized by the structure constant (or ‘geometric flux’)
fxz
y = m ∈ Z [10, 3]. The Buscher rules can be applied fibrewise to dualise along the T 2 fibre
directions. Dualising along the y direction gives a T 3 with H-flux Kxyz = m, whilst dualising
along the z direction gives a T-fold, characterized by the ‘flux’ Qx
zy = m. It was conjectured
in [12] that a further T-duality along the x-direction gives rise to a background constructed as
a T 2 fibration over the dual coordinate x˜ with a T-duality twist. This conjectured background
is characterized by the nongeometric flux Rxyz = m (or ‘R-flux’). The duality sequence may
be summarized as [13]
Kxyz → fxz
y → Qx
yz → Rxyz (1.2)
Whilst the doubled formalism has been successfully employed to give a geometric descrip-
tion of the T-fold, such an understanding of the backgrounds with R-flux has not been
forthcoming. It is the aim of this paper to shed some light on the group theoretic and geo-
metric structures which underly the duality sequence above. In particular we shall see that a
knowledge of the gauge algebra of the compactified theory suggests a natural local structure
for a doubled internal space.
A key objective is to understand how to lift a general gauged supergravity to superstring
theory. The structure constants of the gauge algebra can be thought of as arising from the
various types of flux, and so this is a question of understanding backgrounds with f,H,Q or
R fluxes, and in particular the non-geometric ones with Q or R flux.
The plan of this paper is as follows: In the next section we review the relationship
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between duality twist backgrounds with geometric monodromy and twisted tori. Section
3 will consider the general O(d, d)-twisted reduction. In section 4 the Yang-Mills gauge
symmetries of this theory will be studied. Section 5 describes the doubled geometry of the
backgrounds considered here.
2 Reductions with a Geometric Duality Twist
In this section we review the Scherk-Schwarz reduction with a geometric twist [3] and its
relation to a reduction on a twisted torus of the form G/Γ.
Consider a D+ d+1 dimensional field theory. We reduce the theory on a d-dimensional
torus T d, with real coordinates za ∼ za + 1 where a = 1, 2...d. This produces a theory in
D + 1 dimensions with scalar fields that include those in the coset GL(d;R)/SO(d) arising
from the torus moduli. Truncating to the za independent zero mode sector gives a theory
that has a rigid GL(d;R) symmetry, while in the full Kaluza-Klein theory this is broken to
GL(d;Z) – the mapping class group of the T d. Let
ds2 = Gˆabdz
adzb (2.1)
be the metric on the d-torus. The symmetric matrix Gˆab parameterises the moduli space
GL(d;R)/SO(d). There is a natural action of GL(d;R) on the metric and coordinates za in
which
Gˆab → (U
t)a
cGˆcdU
d
b z
a → (U−1)abz
b (2.2)
where U ba ∈ GL(d,R). We now truncate to a massless D + 1 dimensional field theory and
consider reduction on a further circle. In the twisted reduction, dependence on the circle coor-
dinate x is introduced through a GL(d;R) transformation U = γ(x) where γ(x) = exp (Nx)
and Nab is some matrix in the Lie algebra of GL(d;R). This defines the x-dependence of
the torus moduli through
G(x)ab = (γ(x)
t)a
cGˆcdγ(x)
d
a (2.3)
for some arbitrary choice Gˆab. The monodromy round the circle x ∼ x+1 is e
N ∈ GL(d;R).
The truncation of all Kaluza-Klein modes gives the Scherk-Schwarz reduction [3]. A nec-
essary condition for this to lift to a compactification of the original D + d + 1 dimensional
theory, keeping all Kaluza-Klein modes, is that the monodromy is in GL(d;Z), which puts
strong constraints on the choice of N [14]. Assuming eN ∈ GL(d;Z), the twisted reduction
is equivalent to the reduction on a T d bundle over S1 with metric
ds2d+1 = dx
2 +G(x)abdz
adzb = (σx)2 + Gˆabσ
aσb (2.4)
where
σx = dx σ(x)a = γ(x)abdz
b (2.5)
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We now consider the group structure of this space. The forms (2.5) are globally defined
on the torus bundle, and satisfy
dσx = 0 dσa −Nabσ
x ∧ σb = 0 (2.6)
This d + 1 dimensional space is then parallelisable, and locally looks like a group manifold
G with left-invariant Maurer-Cartan forms σ associated with the Lie algebra
[tx, ta] = −Na
btb, [ta, tb] = 0 (2.7)
This algebra can be represented by the (d+ 1)× (d+ 1) matrices
tx =
(
−Nab 0
0 0
)
ta =
(
0 ea
0 0
)
(2.8)
where ea is the d-dimensional column vector with a 1 in the a’th position and zeros everywhere
else. A representation of this Lie algebra is given by
Zx = ∂x −Na
bza∂b Za = ∂a (2.9)
These vector fields are invariant under the left action of the group and are dual to the one
forms σ. Coordinates x, za can be introduced locally for the group manifold, with the group
element g = g(x, za) ∈ G given by
g =
(
γ−1(x) z
0 1
)
(2.10)
Then the left-invariant Maurer-Cartan forms are given by
g−1dg =
(
−Nabσ
x σa
0 0
)
= σmtm (2.11)
in agreement with (2.5), where m = 1, 2, ..d + 1. The T d bundle over S1 with metric (2.4)
has the same local geometry as this group manifold.
The torus bundle over a circle is obtained from the compactification of this non-compact
group manifold under the identification by a discrete subgroup Γ, acting from the left. The
left action of
h(α, βa) =
(
γ−1(α)ab β
a
0 1
)
(2.12)
is
g(x, za)→ h(α, βa) · g(x, za) (2.13)
and acts on the coordinates through
x→ x+ α za → (e−Nα)abz
b + βa (2.14)
with α, βa ∈ Z and form a discrete subgroup Γ = {h(α, βa) ∈ G | α, βa ∈ Z} and we can
identify the group manifold G under Γ. This gives a compact space G/Γ, and is identical to
the torus bundle over a circle with metric (2.4) [3].
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3 Reduction with an O(d, d) twist
We now turn to the duality-twisted reduction of theories with a metric and B-field, and we
will be particularly interested in the cases that arise from string theory. Consider the theory
in D + d+ 1 dimensional spacetime with Lagrangian
LD+d+1 = e
−bΦ
(
R̂ ∗ 1− dΦ̂ ∧ ∗dΦ̂−
1
2
Ĝ(3) ∧ ∗Ĝ(3)
)
(3.1)
where Ĝ(3) = dB̂(2). The compactification on T
d, using the standard Kaluza-Klein ansatz
gives [15] a massless field theory with gauge group U(1)2d ⊂ O(d, d) and a manifestly O(d, d)
invariant Lagrangian
LD+1 = e
−φ
(
R ∗ 1 + ∗dφ ∧ dφ+
1
2
∗G(3) ∧G(3) +
1
4
∗ dMAB ∧ dMAB
−
1
2
MAB ∗ F
A ∧ FB
)
(3.2)
The details of this reduction are given in [3, 8, 15] and the conventions of [3] have been used.
The scalar coset space O(d, d)/O(d)×O(d) is parameterised by a symmetric metric on this
coset MAB, satisfying the constraint
MAB = LAC(M
−1)CDLBD (3.3)
where LAB is the constant O(d, d) invariant metric, which is used to raise and lower the
indices A,B = 1, ..., 2d.
We then reduce on a further circle, with coordinate x ∼ x + 1, with an O(d, d) duality
twist. The twist is specified by NAB, a matrix representation of an element of the Lie algebra
of O(d, d), and the x-dependence is given in terms of an O(d, d) transformation exp(Nx).
The theory has a Yang-Mills sector with a gauge group with structure constants tMN
P that
will be discussed in the next subsection. The reduced theory may be written in a manifestly
O(d+ 1, d+ 1) covariant way
LD = e
−ϕ
(
R ∗ 1 + ∗dϕ ∧ dϕ+
1
2
∗ H(3) ∧ H(3) +
1
4
∗DMMN ∧DM
MN
−
1
2
MMN ∗ F
M ∧ FN
)
+ V ∗ 1 (3.4)
with O(d + 1, d + 1) indices M,N = 1, ..., 2(d + 1) that are raised and lowered using the
constant O(d+1, d+1) invariant metric LMN . The two-form field strengths F
M are written
in terms of connection one-forms AM and the three-form H(3) is written in terms of the
two-form potential C(2)
FM = dAM +
1
2
tNP
MAN ∧AP H(3) = dC(2)+
1
2
LMNA
M ∧ dAN −
1
3
tMNPA
M ∧AN ∧AP
(3.5)
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where tMNP = tMN
QLPQ. The scalars MMN take values in the coset space O(d + 1, d +
1)/O(d+ 1)× O(d+ 1) and satisfy a constraint similar to (3.3). The scalar potential is
V = e−ϕ
(
1
4
MMQLNTLPStMNP tQTS −
1
12
MMQMNTMPStMNP tQTS
)
(3.6)
Details of the reduction and the explicit forms of the potential and scalars in terms of the
D + 1 dimensional fields are given in appendix A.
Gauge Symmetry
The D + 1 dimensional theory (3.2) obtained from conventional reduction on T d has
U(1)2d ⊂ O(d, d) gauge symmetry. U(1)d comes from the isometry group of the internal T d
and a further U(1)d comes from the antisymmetric tensor transformations of the B-field.
The generators of this gauge group TA (A = 1, ...2d) satisfy [TA, TB] = 0. The duality
twist reduction on a further circle with coordinate x to D dimensions gauges a non-Abelian
subgroup G ⊂ O(d+ 1, d+ 1) given by the algebra
[Zx, TA] = −N
B
ATB [TA, TB] = −NABX
x (3.7)
where Zx generates shifts in the circle coordinate x and X
x is the generator of antisymmetric
tensor transformations of the B-field component with one leg along the x-direction and one
leg in the external spacetime. All other commutators vanish. Here
NAB = L[A|CN
C
|B] = −NBA (3.8)
The antisymmetry of NAB follows from the requirement that N
A
B be a generator of O(d, d).
Note that the algebra satisfied by the generators TA which can be associated with the action
on T d has been deformed and is no longer Abelian.
The generators
TM =
 ZxXx
TA
 (3.9)
satisfy a Lie algebra [TM , TN ] = tMN
PTP where tMN
P are the structure constants given by
txB
A = −NAB, tx[AB] = −NAB (3.10)
The derivation of this algebra is given in appendix B.
The gauging introduces a deformation of the ungauged theory involving the tMN
P , which
breaks the rigid O(d+1, d+1) symmetry of the ungauged theory to the subgroup preserving
the tMN
P . However, the theory becomes formally invariant under O(d + 1, d + 1) if the
structure constants tMN
P are taken to transform covariantly under O(d+ 1, d+ 1) [3, 8].
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4 Lifting to String Theory
The discussion so far has used the framework of conventional field theory. In this section we
discuss the lift of these results to string theory.
The TA generators consist of the Za which generate the U(1)
d action on the T d fibre and
the Xa which generate antisymmetric tensor transformations for the B-field components
with one leg on the T d and the other in the external spacetime, so that
TA =
(
Za
Xa
)
(4.1)
The twist matrix then decomposes as (using NAB = −NBA)
NAB =
(
fxa
b Qx
ab
Kxab −fxb
a
)
(4.2)
for some antisymmetric Qx
ab = −Qx
ba, Kxab = −Kxba. The gauge algebra is then
[Zx, Za] = fxa
bZb +KxabX
b [Zx, X
a] = −fxb
aXb +Qx
abZb (4.3)
[Za, Zb] = KxabX
x [Xa, Zb] = −fxb
aXx [Xa, Xb] = Qx
abXx (4.4)
with all other commutators vanishing.
If Qx
ab = 0, then the twist is geometric, consisting of a GL(d;Z) twist with fxa
b = Na
b
acting as a diffeormorphism of the T d fibres generated by Na
b together with a B-shift acting
on the fibre components of B, Bab → Bab+αKxab. This is equivalent to the compactification
with flux K on a T d torus bundle over a circle and, as reviewed in section 2, this is a twisted
torus G/Γ where G is the d+ 1 dimensional group of matrices of the form (2.10). The Kxab
gives a constant flux Kxabσ
x ∧ σa ∧ σb on the twisted torus. These backgrounds have been
studied extensively in [3, 4, 5, 8].
If Qx
ab 6= 0, the twist is non-geometric and involves T-dualities, so that the resulting
background is a T-fold. As was shown in [12, 13, 16] backgrounds with just one of these
three structure constants switched on can be related to one another by T-duality so that
T-duality is expected to be a symmetry of the full string theory which identifies certain
H-flux, twisted torus and T-fold compactifications as equivalent descriptions of the same
physics.
The twist means that there is no isometry on the final circle acting to shift the coordinate
x. Nonetheless, there is some evidence that there should still be a T-duality on this circle
[12] that exchanges Zx with X
x and would act on the structure constants as
Kxab → fab
x fxa
b → Qa
xb Qx
ab → Rxab (4.5)
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to give the algebra
[Xx, Za] = Qa
xbZb + fab
xXb [Xx, Xa] = −QxabX
b +RxabZb (4.6)
[Za, Zb] = fab
xZx [X
a, Zb] = −Q
xa
bZx [X
a, Xb] = RxabZx (4.7)
It was conjectured in [12] that the structure constant Rxab (‘R-flux’) corresponds to a back-
ground constructed with a twist over a dual circle S˜1 (with coordinate x˜ conjugate to the
winding number). In the next section we propose a geometric interpretation for all of these
backgrounds and show that it supports this interpretation of the R-flux.
5 Doubled Geometry
In section 2 we considered the case of a twisted reduction which has a simple geometric
interpretation as a compactification on a T d bundle over S1 in which the torus moduli have
monodromy in GL(d;Z) round the base circle. The internal space is a twisted torus, or
group manifold identified under a discrete subgroup. Including a monodromy that shifts the
B-field corresponds to adding an H-flux to the twisted torus. We now turn to the geometric
interpretation of the T-duality twisted reductions of section 3.
The Doubled Torus
For the general (nongeometric) case a geometric approach has been given by the doubled
torus formalism of [6]. The O(d, d;Z) duality twist acts non-geometricaly on the torus T d
(mixing the metric and B-field, for example) but as O(d, d;Z) ⊂ GL(2d;Z), it has a natural
action as diffeormorphisms of a doubled torus T 2d. There is then a T 2d bundle over a
circle with twist generated by NAB constructed as in section 2. Such a doubled torus arises
naturally in string theory, with the original d coordinates za on T d conjugate to the momenta
and an additional d coordinates z˜a conjugate to the winding numbers on the original T
d. The
O(d, d;Z) duality group acts naturally on the periodic doubled coordinates XA = (za, z˜a).
It was shown in [6, 7] that string theory compactified in this way could be formulated in
terms of a sigma model with target given by this doubled torus bundle. In this formalism,
T-duality is a manifest symmetry, and the conventional formalism is recovered on choosing
a polarisation, i.e. a T d ⊂ T 2d which is to be regarded as the real spacetime torus. T-duality
can be viewed as acting to change the choice of T d ⊂ T 2d, changing the geometry to a
dual one. All dual geometries are encoded in the doubled torus bundle. For a geometric
background, a global polarisation can be chosen, but for T-folds the best one can do is
choose a polarisation locally. The T-duality transition functions then give the changes in
polarisation from patch to patch.
A doubled torus bundle over a circle is a twisted torus G′/Γ′, as in section 2. Simply
applying the construction of section 2 to the doubled torus gives a background in which the
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group G′ has generators TA, Zx satisfying the algebra
[Zx, TA] = −N
B
ATB [TA, TB] = 0 (5.1)
acting on the coordinates (x,XA) as
Zx = ∂x +N
A
BX
B∂A TA = ∂A (5.2)
This algebra does not capture the full gauge algebra (3.7). It is not a subalgebra, but it is
the algebra acting on the sector in which Xx acts trivially. In order to give a full geometric
interpretation to the gauge algebra (3.7) we need to extend the doubled torus construction.
The Doubled Group
The doubled torus formalism in which the fibres are doubled is useful for discussing T-
duality on the fibres and the various T-dual spaces arise as different polarisations of the
doubled torus bundle. If, as suggested in [12], one can also T-dualise on the base circle with
coordinate x, it is natural to ask whether there is a doubled space that would include a
T-dual circle to the base circle so that all T-dual spaces are incorporated as different d+ 1
dimensional polarisations of a 2(d+1) dimensional space X . In each polarisation, half of the
gauge group generators (the ones we have denoted Z) might be expected to act geometrically
on the d+1 dimensional space (in the simplest cases, these generate diffeomorphisms of the
space). For this to apply for any polarisation, it is natural to expect that the full gauge
group (generated by the Z’s and X ’s with Lie algebra (3.7)) should act on the doubled
space. Comparison with the twisted torus construction suggests then that the doubled space
should be locally a group manifold G, with Lie algebra (3.7), identified under a discrete
subgroup.
As in the discussion of the twisted torus geometry, one can represent the Lie algebra
(3.7) in terms of the 2(d + 1) coordinates (x, x˜,XA) of G, where XA are the coordinates on
the doubled torus fibre T 2d, as
Zx = ∂x +N
A
BX
B∂A X
x = ∂x˜ TA = ∂A −
1
2
NABX
B∂x˜ (5.3)
Then Xx acts as translation in the new coordinate x˜ and so acts trivially on fields that are
independent of x˜, so on such fields the algebra (5.1) is realised and in this sector the doubled
torus bundle gives a full geometric representation of the structure. However, the doubled
group gives a non-trivial extension to the general case with x˜ dependence.
The one forms dual to these vector fields satisfy the Maurer-Cartan equations
dPA −NABP
x ∧ PB = 0 dQx −
1
2
NABP
A ∧ PB = 0 dP x = 0 (5.4)
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which are solved by1
PA =
(
eNx
)A
BdX
B Qx = dx˜+
1
2
NABX
AdXB P x = dx (5.6)
This is a doubling of the geometry given for the twisted torus in section 2, and the one-forms
(5.6) are the doubling of the one-forms (2.5). The PA and P x together describe the doubled
torus fibred over S1, but a fully geometric interpretation of the gauge algebra requires a 2d+2
dimensional space G into which the doubled torus fibration is non-trivially embedded. It is
useful to define the coordinates XI =
(
x, x˜,XA
)
on the doubled group and PM = PMIdX
I
as the one forms on G satisfying the Maurer-Cartan equations
dPM +
1
2
tNP
MPN ∧ PP = 0 (5.7)
where txB
A = −NAB and tx[AB] = −NAB .
T-Duality and R-Flux
In the doubled torus picture, choosing a polarisation corresponded to choosing a maxi-
mally isotropic subspace (null with respect to the constant O(d, d) metric LAB) T
d ⊂ T 2d
as the geometric space with coordinates za (and geometric generators Za) and the comple-
ment T˜ d, with coordinates z˜a (and generators X
a). As G ⊂ O(d+ 1, d+ 1), it preserves the
O(d + 1, d + 1) invariant metric LMN , and an isotropic subspace of G is one which is com-
pletely null with respect to this metric. In the doubled group case, a choice of polarisation
can be given by choosing a maximally isotropic subgroup G ⊂ G (i.e. one whose generators
are all null with respect to LMN). The geometry of the conventional sigma-model is given
locally by G. In some cases, the complement of G will also be a group G˜, and this defines
a dual polarisation. For example, if the gauge algebra is a Poisson-Lie algebra, it takes the
form
[Zm, Zn] = fmn
pZp [Zm, X
n] = fmp
nXp +Qm
npZp [X
m, Xn] = Qp
mnXp (5.8)
and has two maximally isotropic sub-algebras; one generated by Zm and the other by X
m,
where m = (a, x) . These generate two subgroups G and G˜ and either can be used to define
a physical subspace, giving two, locally geometric, string backgrounds.
For general groups G, however, it may be the case that there is no suitable subgroup that
can be used to define the desired polarisation, so that one has to use the doubled picture
and cannot eliminate half of the coordinates even locally. This is precisely the situation that
leads to the locally nongeometric R-space, which we now discuss.
1The one-forms (5.6) are dual to the vectors
Zx = ∂x X
x = ∂x˜ TA =
(
e
−Nx
)
A
B
(
∂B −
1
2
NBCX
C
∂x˜
)
(5.5)
By a coordinate redefinition XA →
(
eNx
)A
BX
B, these vector fields are brought to the simpler form (5.3).
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In the doubled group picture, one might expect a generalisation of T-duality which acts
on all the coordinates XI . This allows us to consider the possibility of choosing either x
or its dual x˜ as the geometric coordinate in a polarisation. This is to be contrasted with
the doubled torus picture which, a priori, fixes x to be the geometric coordinate and only
doubles the fibres.
Acting with the conjectured T-duality on the algebra (3.7) which exchanges x and x˜
produces the gauge algebra
[Xx, TA] = −N
B
ATB [TA, TB] = −NABZx (5.9)
which has corresponding one-forms
PA =
(
eNx˜
)A
BdX
B P x = dx+
1
2
NABX
AdXB Qx = dx˜ (5.10)
which is an O(d, d) twist over the dual coordinate x˜ as conjectured in [12]. This has non-
trivial dependence on the dual coordinates x˜, so cannot be interpreted as a conventional
background even locally. This space is a 2d+ 2 dimensional twisted torus with coordinates
X
I .
Global Issues
As in the twisted torus example of section 2, the gauge algebra only fixes the local
structure of the (in this case, doubled) geometry. This can be seen by the fact that the
one forms (5.6) are invariant under the rigid left action of G, which acts on the coordinates
infinitesimally as
δx = α δx˜ = α˜−
1
2
NABξ
A
X
B δXA = NABX
Bα + ξA (5.11)
and so the global structure of the doubled group is thus far only determined up to a rigid
left action of G. In general, the doubled space will be of the form X ≃ G/Γ for some discrete
subgroup Γ. The gauge algebra fixes the local structure of the doubled group, but the global
structure remains undetermined. In particular, the choice of discrete subgroup Γ is not
determined by the gauge algebra. However, consistency with the doubled torus picture fixes
the identification of most of the coordinates, but not that of x˜. In the case of a trivial bundle
x˜ is the coordinate for a dual circle with radius inversely related to that of the x circle [17].
It seems reasonable to expect that Γ should be chosen to be cocompact, so that G/Γ is
compact. We will return to the discussion of the doubled geometry X ≃ G/Γ and its role in
the discussion of T-duality elsewhere, and show how Γ is fixed in particular examples.
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A O(d, d)-Twisted Reduction
The reduction ansatz is
ds2D+1 = ds
2
D + ρν
x ⊗ νx
AA(x, y) =
(
eNx
)A
B
(
AB(1)(y) +A
B
(0)ν
x
)
B(2)(x, y) = B(2)(y) +B(1)(y) ∧ ν
x
MAB(x, y) =
(
eNx
)A
CM
CD(y)
(
e−Nx
)
D
B
φ = ϕ+
1
2
ln(ρ) (A.1)
where the vielbein νx is
νx = dx− V x(1) (A.2)
and we have introduced the connection V x(1) with field strength F
x
(2) = dV
x
(1). Using the field
redefinitions
C(2) = B(2) −
1
2
C(1) ∧ V
x
(1)
C(1) = B(1) −
1
2
LABA
A
(0)A
B
(1)
C(0) =
1
2
LABA
A
(0)A
B
(0) (A.3)
the reduced theory may be written in a manifestly O(d+ 1, d+ 1) covariant way
LD = e
−ϕ
(
R ∗ 1 + ∗dϕ ∧ dϕ+
1
2
∗ H(3) ∧ H(3) +
1
4
∗DMMN ∧DM
MN
−
1
2
MMN ∗ F
M ∧ FN
)
+ V ∗ 1 (A.4)
The scalar potential is now written in the O(d+ 1, d+ 1) covariant form
V = e−ϕ
(
1
4
MMQLNTLPStMNP tQTS −
1
12
MMQMNTMPStMNP tQTS
)
(A.5)
The scalars parameterise the coset O(d+ 1, d+ 1)/O(d+ 1)× O(d+ 1)
MMN =
 ρ+MABA
A
(0)A
B
(0) + ρ
−1C(0)C(0) ρ
−1C(0) ρ
−1C(0)LACA
C
(0) +MACA
C
(0)
ρ−1C(0) ρ
−1 ρ−1LACA
C
(0)
ρ−1C(0)LBCA
C
(0) +MBCA
C
(0) ρ
−1LACA
C
(0) MAB + ρ
−1LACLBDA
C
(0)A
D
(0)

The one, two and three-form field strengths are
H(3) = dC(2) +
1
2
(
LMNA
M ∧ FN −
2
3
tMNPA
M ∧ AN ∧AP
)
DMMN = dMMN +MMP tPQ
NAQ +MNP tPQ
MAQ
FM = dAM +
1
2
tNP
MAN ∧ AP (A.6)
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The one-forms form an O(d+ 1, d+ 1) vector AM with field strength FM
AM =
 V
x
(1)
C(1)
AA(1)
 FM =
 F
x
(2)
G(2)x
FA(2)
 (A.7)
where we have defined
G(2)x = dC(1) −
1
2
NABA
A
(1) ∧A
B
(1) (A.8)
Defining tMNP = LMQtNP
Q where LMN is the O(d+ 1, d+ 1) invariant matrix which takes
the block diagonal form
LMN =
(
Lxx 0
0 LAB
)
Lxx =
(
0 1
1 0
)
(A.9)
the structure constants are txB
A = −NAB and tx[AB] = −NAB. The presence of tMN
P
breaks the rigid O(d+1, d+1) symmetry of the ungauged theory to the subgroup preserving
tMN
P . However, the theory becomes formally invariant under O(d+1, d+1) if the structure
constants are taken to transform covariantly under O(d+ 1, d+ 1).
B Gauge Symmetry
In D + d+ 1 dimensions the theory has the antisymmetric tensor transformation symmetry
B̂(2) → B̂(2) + dΛ̂(1) (B.1)
The reduction ansatz for the parameter Λ̂(1) on T
d is Λ̂(1) = Λ(1) + Λ(0)aν
a. The remainder
of the U(1)2d gauge symmetry comes from the d isometries of the T d, xa → xa − ωa, under
which δAa(1) = −dω
a and all other fields are invariant. In D+1 dimensions this U(1)2d gauge
symmetry acts on the fields as
δTA
A
(1) = dΛ
A
(0)
δTB(2) = dΛ(1) +
1
2
LABΛ
A
(0)F̂
B
(2) (B.2)
where we have defined
ΛA(0) =
(
−ωa
λ(0)a
)
(B.3)
Antisymmetric tensor transformations
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The duality twist reduction ansatz for the D + 1 dimensional gauge parameters λ(1) and
λA(0) is
ΛA(0) =
(
eNx
)A
Bλ
B Λ(1) = λ(1) + λxν
x (B.4)
We denote the infinitesimal variation of the fields under this transformation by δT . It is easy
to show, by calculating dλ̂A(0), that the D-dimensional gauge potentials transform as
δTA
A
(1) = dλ
A +NABλ
BV x(1)
δTC(1) = dλx +NABλ
AAB(1) (B.5)
S1 Diffeomorphisms
The theory must be invariant under reparameterisations of the circle coordinate
x→ x− ω (B.6)
The matrix eNx changes as
(
eNx
)A
B →
(
eNx
)A
C
(
e−Nω
)C
B =
(
eNx
)A
C
(
δCB −N
C
Bω + ...
)
.
From this is it easy to see how the D-dimensional fields must transform in order for the D+1
dimensional ansatz to be invariant. The gauge fields transform as
δZA
A
(1) = N
A
BA
B
(1)ω
δZV
x
(1) = −dω (B.7)
Symmetry Algebra
We define
δZ = ωZx δT = λ
ATA δX = λxX
x (B.8)
where Zx, X
x and TA are generators of gauge transformations with parameters ω, λx and
λA respectively. The Lie algebra of the gauge group is
[Zx, TA] = −N
B
ATB [TA, TB] = −NABX
x (B.9)
with all other commutators vanishing.
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